In this paper, we attempt to further study the heat engine efficiency for the regular black hole with an anti-de Sitter background where the working material is the Hayward-AdS black hole, obtain exact results for the efficiency of a rectangular engine cycle. In the extended phase space, the cosmological constant defines the thermodynamic pressure P , we study the efficiency of heat engines that perform mechanical work via the P dV terms now present in the first law of thermodynamics, and it is obtained via a thermodynamic cycle in the P − V plane. We obtain the expression of efficiency of the Hayward-AdS black hole and analyze the relationship between efficiency and entropy η − S, efficiency and pressure η − P . We also compare the similarities and differences between the Hayward-AdS black hole and the Bardeen-AdS black hole in the thermal engine efficiency. Those make us a deeper understanding of the thermal efficiency of regular black holes. *
I. INTRODUCTION
As we all know, the study of black hole singularities has always been a difficult problem in general relativity. The existence of a singular point at the center of a black hole indicates the collapse of general relativity, because it cannot be measured by coordinate transformation.
Although the theory of quantum gravity is not perfect enough to tell us how to solve the classical black hole singularity problem, scientists have constructed solutions to Einstein's equation, where the metric and curvature invariants are regular everywhere. There are some models of black hole solutions without the central singularity. Bardeen first proposed solutions without central singularities in 1968 [1] . Subsequently, Ayón-Beato and García pointed out that the physical source of regular black holes may be nonlinear electrodynamics [2] [3] [4] [5] , this leads to many regular black hole models have been extensively studied [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Among the interesting regular black holes, Hayward proposed a static spherically symmetric black hole [9] , it is also based on Bardeen idea, supported by finite density and pressures, goes off rapidly at the distant increases and treated as a cosmological constant at radius falls off very near to the origin, and it is curvature invariants being everywhere finite and satisfying the weak energy condition. Geodesic study of regular Hayward black hole has been discussed by Abhas et al [? ] . The implication of rotating Hayward black hole is discussed in [16] . Modified Hayward black hole metric has been proposed by Lorenzo et al [17] .
In addition, black hole thermodynamics has always been an exciting topic. It is connect the quantum aspects of spacetime geometry with classical thermodynamic theory, and serves as a bridge between general relativity, thermodynamics and quantum mechanics.
The origin of this study can be traced back to the pioneering work of Hawking and Bekenstein, who first proposed Hawking temperature and Bekenstein-Hawking entropy [18] [19] [20] [21] [22] [23] .
Subsequently, Hawking and Page first propose there is a first order phase transition between the Schwarzschild anti-de Sitter black hole and the thermal AdS space [24] . The discovery of phase transitions similar to the Van der Waals liquid/gas transitions in the Reissner-Nordstrom-AdS black holes by Chamblin et al [25, 26] . In AdS space, the negative cosmological constants are treated as thermodynamic pressures [27] ,
and its conjugate quantity is considered to be thermodynamic volume [27, 28] 
the P dV term appears in the first law of black hole thermodynamics [29] . Many researches have shown that phase transition of the charged AdS black hole is similar with that of the Van der Waals liquid-gas in the extended phase space, black hole shares the same P − V diagram and critical exponent with the Van der Waals system .
Apart from phase transition and critical phenomena, the recent developments in black hole thermodynamics are the Joule-Thomson expansion [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] and holographic heat engine in the charged AdS black holes [70, 71] . we have investigated the Joule-Thomson expansion of the Hayward-AdS black hole in [69] . Now, we are also interested in the heat engine of the Hayward-AdS black hole. It is called holographic heat engines because their operation can be described by conformal field theory on the boundary [72] . Since the pressure and the volume of the black hole is dynamic in AdS space, one can extract mechanical work via the P dV term. This is in contrary with Penrose process which leads to the extracting of energy from rotating black holes in both asymptotically AdS and flat spacetimes. A heat engine is defined by a heat cycle which is a closed path in the P − V diagram, allowing for the input of an amount of heat Q H , and the exhaust of an amount Q C . The total mechanical work done is of course W = Q H − Q C by the first law of thermodynamic, and the efficiency of the heat engine is defined to be η =
. It is clear that the efficiency of the black hole heat engine depends crucially on both the equation of the state provided by the black hole. Johnson built the first holographic heat engine of charged AdS black hole and obtained the conversion efficiency [70, 71] . Subsequently, the concept of holographic heat engine has been extended to various black hole backgrounds, such as static and dynamic black holes [73] , polytropic black hole [74] , Born-Infeld-AdS black holes [75] , et al [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] .
Recently, Fan have studied the critical phenomena and a first order small and large black hole phase transition of the regular Hayward-AdS black hole [86] . More recently, Mehdipour et al have investigated thermodynamics and phase transition of Hayward solutions [87] .
However, so far, it is not clear whether heat engine efficiency of the Hayward-AdS black hole, and the difference between the Hayward-AdS black hole and the Bardeen-AdS black hole of the heat engine efficiency. Therefore, in this paper, we will present the the HaywardAdS black hole as a heat engine.
The remainder of this paper is organized as follows. In Sec.II, we review thermodynamic properties of the Hayward-AdS black hole in the extended phase space. In Sec.III, we investigate the heat engine efficiency of the Hayward-AdS black hole, and obtain the relationship between efficiency and entropy(pressure). In Sec.IV, we compare the heat engine efficiency of the Hayward-AdS black hole with the Bardeen-AdS black hole. In Sec.V, ends up with some conclusions.
II. THE HAYWARD-ADS BLACK HOLE THERMODYNAMIC
The regular Hayward-AdS black hole metric has the form [88] .
where
in which
, q is an integration constant with respect to magnetic charge, Q m is the total magnetic charge carried by the black hole, M is viewed as Schwarzschild mass, the AMD mass (M) of the black hole can be read off from the asymptotic behavior of the metric functions [86, 88] . For M = 0, µ = 3, the solution is the Hayward black hole [86] which has been constructed in [88] .
The event horizon of the black hole is articulated by f (r h ) = 0, which gives the black hole mass
The entropy of the black hole is given by [18] [19] [20] 
we can write mass in terms of entropy by using the relation Eq.(7)
According to the first law of thermodynamic, thermodynamic temperature is the conjugate quantity of entropy, i.e.
We obtain the equation of state
Other thermodynamic properties can be obtained by using above relations. For example, heat capacities at constant pressure and constant volume, i.e.
and
III. HAYWARD-ADS BLACK HOLE AS A HEAT ENGINE
In this section, we attempt to calculate the efficiency of the Hayward-AdS black hole as a heat engine. The heat engine is constructed into a closed path in the P − V plane, the heat absorbed is defined as Q H and the heat discharged is defined as Q C (Fig.1) . According to the first law of thermodynamic, the total mechanical work is W = Q H − Q C , the efficiency of the heat engine is determined by [70] 
As we all know, in classical thermodynamics, there are several thermodynamical cycles that are used in heat engines: the Carnot cycle, the Otto cycle and the Brayton cycle are few examples. The Carnot cycle has the highest efficiency and is made of two pairs of isothermal and adiabatic processes. The efficiency of the Carnot engine is where T C and T H are the lower and higher temperatures of the process (Fig.(1) ).
Constructing a heat engines in the background of a black hole, there is a simple heat cycle in this engine, with a pair of isotherms at high T H and low T C temperatures. Through the isochoric paths, we can connect these two temperatures, such as the Carnot cycle. In the process of isothermal expansion and compression, the heat absorbed is Q H and the heat discharged is Q C , i.e.
We choose isochores to connect those isotherms, i.e. V 2 = V 3 and V 1 = V 4 . Then Eqs. (16) and (17) leads to
which is same as the efficiency of the Carnot engine [72] .
The Hayward-AdS black hole as a heat engine. For simplicity, consider a rectangular cycle
, for example Fig.(1) . The area of a rectangle can be defined as the work done,
Because C V = 0, this means that there is no heat exchange in the isochoric process. We 
calculate heat absorbed Q H during the process 1 → 2 [89]
= 3π
The heat engine efficiency of the black hole thus is given by
We can compare the efficiency of the heat engine(η) with the maximum efficiency (Carnot engine η C ). According Eq. (15), we take the higher temperature T H as T 2 and lower temperature T C as T 4 , the efficiency of Carnot engine is ) and S 2 . Through plot images, we can see the relationship between them more clearly. As we can see in Fig.(2) , the different q corresponds to different efficiency growth rates, when the q is small, with the increase of entropy S 2 , efficiency η increases monotonously. When the q is large, the efficiency of heat engine decreases gradually within a certain range of entropy. After reaching a certain level, the efficiency of heat engine increases monotonously. The heat engine efficiency is a monotonously increasing/decreasing function with the growth of the entropy S 2 (corresponding volume V 2 ). When the entropy increases to a certain range, the heat engine efficiency monotonously increases with S 2 , which implies that the increase in volume difference between small black hole (V 1 ) and large black hole (V 2 ) increases the efficiency.
The relationship between η ηc and S 2 also have similar properties. In Fig.(3) , when the q is relatively low, the η ηc increases with the increase of entropy, but when the q is high, the change of the η ηc have inflection point.
We also investigate the dependence of efficiency on pressure P 1 , which is shown in Fig.(5) .
Those two figures clearly show that always showing a monotonous trend of increase, and the efficiency of the engine will approach the maximum possible value as the pressure approaches infinity.
IV. HAYWARD-ADS BLACK HOLE AND BARDEEN-ADS BLACK HOLE
In this section, we compared the Hayward-AdS black hole and the Bardeen-AdS black hole with heat engine efficiency, and attempt to find the similarities and differences between them. In [85] , the Bardeen-AdS black hole as the heat engine, one can obtained mechanical efficiency and plotted the functional image between η − S and η − P . In Sec.(III), we also calculate the efficiency of the Hayward-AdS black hole as a thermal engine, and obtained η − S and η − P functional image. Here we will compare with them. The Bardeen-AdS black hole as a heat engines, the efficiency of the engine is [85] 
When we take the same parameters, P 1 = 4, P 4 = 1, S 1 = 1, S 2 = 4, q = 1, according to Eqs. (21) and (23), we can get that the efficiency of the Hayward-AdS black hole is greater than the Bardeen-AdS black hole
In addition, the relationship of the Bardeen-AdS black hole between η and S 2 , which is shown in Fig.(6) The relationship between plotted. In Figs.(6) and (7), the Bardeen-AdS black hole heat engine efficiency monotonously increases with S 2 for all values of q, it is means that the increase in volume difference between small black hole (V 1 ) and large black hole (V 2 ) also increases the efficiency, this is the same as the Hayward-AdS black hole is present, and it is efficiency is also saturated when S 2 reaches a certain value. The change form of η ηc and S 2 is also related to the size of q.
The efficiency on pressure P 1 , which is shown in Figs. (8) and (9), the two graphs also show that the efficiency increases gradually with the increase of pressure, and finally approaches the maximum efficiency. At the same time, one can found charge affects the growth rate of efficiency.
By comparing Figs. (2) and (6), (3) and (7), we find that the efficiency of the Bardeen- AdS black hole increases with the increase of entropy, and with the increase of q, the growth trend of efficiency gradually slows down. However, compared with the Bardeen-AdS black hole, the efficiency of the Hayward-AdS black hole with entropy is different, When q is zero or small enough, the efficiency increases monotonously with the increase of entropy, but when the q increases gradually, the efficiency decreases gradually within a certain range of entropy. When the entropy increases to a certain boundary point, the efficiency increases with the increase of entropy, and finally tends to a stable value.
In Figs.(4) and (8), (5) and (9), the relationship between η and pressure P 1 is described, we can see that the thermal efficiency of the Bardeen-AdS black hole increases with the increase of pressure, and the change rate of η slows down with the increase of q. For the Hayward-AdS black hole, with the increase of pressure, the efficiency increases gradually, and tends to reach a stable maximum efficiency. But unlike the Bardeen-AdS black hole, the higher q, the lower the maximum heat engine efficiency.
V. CONCLUSIONS
In this paper, we have studied the heat engine efficiency for the regular Hayward-AdS black hole. The main focus of this work is that the black hole acts as a heat engine. The specific expression of the heat engine efficiency of the Hayward-AdS black hole is obtained, and the relationship between efficiency and entropy, efficiency and pressure is plotted and compared with the Bardeen-AdS black hole. In extended phase space, cosmological constants are considered to be thermodynamic pressures. Based on this constants, we derive the equation of state of the Hayward-AdS black hole. The working substance of the heat engine is composed of regular Hayward-AdS black hole. In order to study the efficiency of the heat engine, we give two isotherms and two isochores in the P − V plane, the efficiency of the engine is determined by the work done and the heat absorbed in the cycle. We know that the Carnot heat engine is a standard heat engine, so we compare the efficiency of the HaywardAdS black hole with that of Carnot heat engine, and give the relationship between the efficiency of heat engine η and the entropy S 2 , and the efficiency of heat engine η and the pressure P 1 in detail, and also analyze the influence of q on the efficiency of heat engine. We find that when q is small, efficiency η increases monotonously with the increase of entropy S, while when q is large, η decreases monotonously within a certain range of S. When the S increases to a certain value, η increases monotonously with the increase of S and tends to a stable value. As for the relationship between η and pressure P , we can see that with the increase of P , η increases monotonously, and finally tends to a stable value, and we also found with the increase of q, η increases gradually.
In addition, we also compare the heat efficiency of the Hayward-AdS and the BardeenAdS black holes. We find that the mechanical efficiency of the Hayward-AdS black hole is higher than the Bardeen-AdS black hole. For the relationship between efficiency and entropy, the Bardeen-AdS black hole always increases monotonously, the Hayward-AdS black hole is related to the size of entropy and q. As for the relationship between efficiency and pressure, the performance of the Hayward-AdS black hole is consistent with the Bardeen-AdS black hole, both of which increase monotonously with the increase of pressure, and finally tend to a stable value. However, with the increase of q, the efficiency of the Bardeen-AdS black hole decreases gradually, and the Hayward-AdS black hole increases gradually. 
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